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ABSTRACT
Voronoi Diagrams (VDs) and Delaunay Triangulations (DTs) are rediscovered mathematical concepts from the 19th century. These concepts are of great significance in many fields of science. This comprises of biology, medicine, telecommunication networks, imagery, geography and countless more. 
This paper describes the design and the implementation phases of a system used to generate 2D VDs and DTs. The paper commences with highlighting these momentous concepts by introducing their pioneers, over-viewing its functions, related terminologies, and properties. The incremental algorithm was selected to generate VDs and DTs respectively. Java was used to develop the system. The method is briefly described. The intention is to further develop the system to integrate it with other applications such as generating VD for a loaded image. The system can be utilized in teaching knowledge-seekers its usage in real world applications.
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1. Introduction
Voronoi diagram is one of the most fundamental and useful constructs defined by irregular lattices. Thus it is widely used in geometrical construction and many other fields.
It is defined as lines that bisect the lines between a center point and its surrounding points. The bisecting lines and connections lines are perpendicular to each other. When this rule is used, the area will be completely covered by adjacent polygons. It is also defined as a collection of geometric objects that partition the plane into cells, each of which consists of the points closer to one particular object than to any others [1].

Another definition for VDs of a set of sites (points) is that it is a collection of regions that divide up the plane, each region corresponds to one of the sites and all the points in one region are closer to the corresponding site than to any other site [2]. The boundary between two adjacent regions is a line segment, and the line that contains the perpendicular bisector of the segment joining the two sites. This is considered as an important property of VD. If three sites determine Voronoi regions that meet at Voronoi points, the circle through those sites is centered at that Voronoi point, and there are no other sites in the circle [3]. Other properties of VDs and DTs can be found in [4]. Figure 1 shows an example of VDs being constructed for a set of points.
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Figure 1: VD for a set of points.
2. BACKGROUND OF VORONOI 
     DIAGRAMS

As early as 1644, the concept of VD has appeared in Descartes work. He used Voronoi-like diagram to show the disposition of matter in the solar system and its environment [4]. In 1850, a germen mathematician G. L. Dirichlet studied a problem of two and three-dimensional Voronoi case. Hence, this concept is sometimes referred to Dirichlet tessellation.

George F. Voronoi (1868–1908) is a prominent Russian scientist, had a great contribution to mathematics. He studied this concept and explored a geometric construction, and defined his work as for more general n-dimensional case. He published only 12 papers and most of them were related to mathematical investigations and numerous applications in analytical number theory, algebraic number theory, and summation of divergent series and geometry of numbers.
After 3 years of George F. Voronoi death in 1911, Thiessen developed this concept and applied it in meteorology (the concept of atmospheric phenomena and forecasting the weather). He used VDs to help him in computing accurate estimation of regional rainfall averages. Later in 1927, Niggli used VDs in crystallography-study of ciphers-. He came out with the term: area-of-influence which is referencing to VDs.

Another prominent Russian mathematician is Boris N. Delaunay (1890- 1980) who also had great contribution to the field of number theory and geometry [5]. Despite the fact that the invention of VD and DT were not concurrent, DTs known to be the dual of VDs. In almost every application, both concepts are integrated and the two terms are used together frequently. 

VDs and DTs weight great significance not only in computational geometry but in other fields of science: crystallography, astronomy, astrophysics, electronics, radiation physics, chemistry, image processing, ophthalmology, microbiology, etc.
3. THE ALGORITHM
The incremental method was selected among many other available methods [4]. It is one of the most important methods because it is conceptually simple and its average time complexity can be decreased to O (n) by some algorithmic techniques. The method is described briefly in this section.

Basically, the method starts with a simple VD for a few generators and modifies the diagram by adding other generators one by one. For l = 1, 2, …, n, let Vl denote the VD for the first l generators p1, p2, …, pl. The main part of the algorithm is to convert Vl-1 to Vl for each l. Figure 2 shows an example of the addition of a generator. The algorithm’s steps are as follows:

1. Suppose that we have already constructed the VD Vl-1 as shown by the solid lines in Figure 2 and that we now want to add a new generator pl.

2. Find the generator, say pi, whose Voronoi polygon contains pl.

3. Draw the perpendicular bisector between pl and pi.

4. The bisector crosses the boundary of V(pi) at two points. Let the two points be w1 and w2 in such a way that pl is to the left of the directed line segment w1w2. 

5. The line segment w1w2 divides the Voronoi polygon of pl into two portions, the one on the left belonging to the Voronoi polygon of pl. Thus, we get a Voronoi edge on the boundary of the Voronoi polygon of pl.

6. Starting with the edge w1w2, we grow the boundary of the Voronoi polygon of pl by the boundary growing procedure (steps 7-8).

7. The bisector between pi and pl crosses the boundary of V(pi) at w2, entering the adjacent Voronoi polygon, say V(pj).

8. Draw the perpendicular bisector crosses the boundary of V(pj); let this point be w3.

9. Repeat step 7 and step 8 to find the sequence of segments of perpendicular bisectors of pl and the neighboring generators until we reach the starting point w1. Let this sequence be (w1w2, w2w3, …,   wm-1wm, wmw1).

10. This sequence forms a counterclockwise boundary of the Voronoi polygon of the new generator pl.

11. Delete Vl-1 the substructure inside the new Voronoi polygon.

12. The new VD  Vl is obtained.

13. Add another point and repeat the algorithm.

For more details on this algorithm and other algorithms see [4].
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Figure 2: Addition of a new generator pi [4].
4. DESIGN AND IMPLEMENTATION

4.1. DEVELOPMENT ENVIRONMENT

Java [6] is a programming language that’s well suited to designing software that work in conjunction with the Internet. It’s also an object-oriented programming language making use of methodology that is becoming increasingly useful in the world of software design. Additionally, it’s a cross platform language, which means its programs can be designed to run the same way on Microsoft Windows, Apple Macintosh, and most versions of UNIX, including Solaris. Java extends beyond desktops to run on devices such as televisions, wristwatches, and cellular phones as it is small, secure, and portable [7].

Java is best known for its capability to run on World Wide Web pages. The Netscape Navigator and Microsoft Internet Explorer browsers can download a Java Program from a webpage and run it locally on the Web user’s system [8]. These programs are called applets, appear in a web page in a similar fashion to images. Unlike Images, applets can be interactive, taking user input, responding to it, and presenting over changing content. Applets can be used to create animation, Figures, games, forms that immediately respond to input from the reader, or other interactive effects on the same Web pages among text and graphics. 
Applets are downloaded over the World Wide Web just like HTML pages, graphics or any other web site element. On a browser that is equipped to handle Java, the applet will begin running when it finishes downloading. Applets are written with Java language, compiled into a form that can be run as a program, and placed on a web server. Most servers can deliver Java files without any changes to their configuration. To differentiate from applets, Java programs that don not run within a web browser are called applications [9].
Java’s strength include platform-independence, object oriented nature, as well as it is easy to learn [10]. For all the above mentioned advantages, Java was selected to develop the VDs generator. Furthermore, Java supports imaging and has an extensive package called Java Advanced Imaging (JAI) that can be used in varieties of imaging applications.
4.2.  STRUCTURE OF VORONOI PROGRAM

The Voronoi program consists of 8 classes, each of which has its own attributes and methods. The following list shows the classes with their purposes.

1. Point.class: The purpose of this class is to store the points on the VD. A point is a coordinate which stores the X and Y coordinate of the point on the screen where the user clicks.

2. IntegerArray.class: A VD consists of many points. This class is used to store all these points in an array; it provides methods such as addElement and setElement to access those points which are needed to draw the VD.

3. VoronoiVertex.class: this class is used to store the information about a Voronoi vertex.

4. VoronoiDiagram.class: This class does all the job of drawing VD. When the user clicks on any point on the screen, the point is sent to the AddPoint method of this object which later on will add the point to the list of the existing points on the VD. It then arranges the points and relates them together. This class is a third party class downloaded from [11].
5. VoronoiCoordinates.class: This class displays small window showing the coordinates of all points on the VD. It can be displayed and hidden as the user wishes.

6. VoronoiPanel.class: This class is a component which is inherited from a JPanel. Panels are used to hold objects inside them and had the ability to draw primitive graphics on them such as lines etc. Voronoi Panel is a special subclass of JPanel which is used to accept and recognize user’s mouse click, get the coordinate and add that to the voronoiDiagram and repaint the updated VD.

7. Voronoi.class: Voronoi class is the class which displays the main window for the Voronoi program. It inherits many other classes. Voronoi class mainly inherits JFrame which means that the program will be a stand alone Java application. Furthermore it inherits VoronoiPanel to display and draw the VD. It has methods to open and save the VD information to a file.

8. VoronoiApplet.class: Same as the Voronoi.class but it does not inherit the JFrame, instead it inherits JApplet which runs the same Java program as a Java Applet. Some functionalities of it will not work such as file I/O since applets lack that functionality.

4.3. SCREEN DESIGN AND 
        FUNCTIONALITIES
When the program is executed, a screen as shown in Figure 3 will appear. The screen is divided into three areas. First, the menu provides several functionalities to the program. Second, VD space is where VDs are drawn. The user has to click on the space and a new generator is drawn there and the whole VD is updated automatically. Third, the control buttons are used to assist in drawing and removing Voronoi generators.
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Figure 3: The main screen.

The Voronoi coordinate window shows the coordinates of all the generators on the VD. It can assist the user in tracking the points and getting their coordinates. The window displays a list containing all the coordinates of the points. On top of the list you can see a label which shows the current X and Y coordinate of the point where the mouse is pointing. The screen shot of the coordinate’s window is shown in Figure 4a. The diagram is mouse sensitive and recognizes the mouse clicks. When the user clicks the mouse button, a new point is drawn. If you click on an existing point a warning message will appear. By clicking the right mouse button, a popup menu will appear (Figure 4b) displaying the list of actions applicable at that point of time on the VD such as ‘Add Point’, ‘Remove Point’, ‘Show Voronoi’, ‘Show Delaunay’, Show Generators’ and ‘Clear’. The diagram will be updated and redrawn accordingly.
The user has the option to enable (or disable) VDs, DTs and Voronoi generators. This feature is very useful in case the user wants to study the features of each one separately. The user can also clear the drawing area and makes it ready for a new diagram. 
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            (a)                                          (b)
Figure 3: (a) The voronoi coordinates window, (b) Right click    
                 on voronoi drawing space.
The VD program has the capability to store the coordinate information of the current VD in a file which can later on be opened and reused. In any Voronoi data file, the first digit represents the size of the VD which is the total number of Voronoi points. The rest are all the Voronoi coordinates. The Voronoi data file is saved in binary form. In order to meet the users’ needs, the users can change the color of the VD, DTs and the background. 

One of the most useful features of the program is the Auto-draw feature. Most of the times, the user would like the program to automatically plot new points as long as the user keeps on the left mouse button pressed as in many drawing programs like MS Paint. The benefit of this feature is drawing figures which have points very near to each other. It helps the user by reducing the time and clicking so many times to draw a figure.
Finally, as an alternative way of adding/removing points, the program allows that by giving the coordinates as shown in Figure 1.

5. CONCLUSION

The design and development phases of a program used to generates VDs and DTs was described in this paper. The program was tested and showed a high accuracy. Among the advantages of the program that are not available in other similar programs, is the Auto-draw feature whereby the points are continuously added as long as the mouse button is hold and moved around, hence the diagram is updated automatically. Another feature is the capability of removing points and updating the diagram. It is intended to further develop the system to integrate it with other applications such as generating VD for a loaded image. The system can be utilized in teaching knowledge-seekers its usage, properties and applications. The source code in Java is available to any researcher interested.
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